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Abstract. The cancellation problem asks if two complex algebraic varieties X and Y of the 
same dimension such that X x C and FxC are isomorphic are isomorphic. Iitaka and Fujita 
1 151 established that the answer is positive for a large class of varieties of any dimension. In 
1989, Danielewski ,4 constructed a famous counter-example using smooth affine surfaces with 
additive group actions. His construction was further generalized by Fieseler |l()j and Wilkens 
1201 to describe a larger class of affine surfaces. Here we construct higher dimensional analogues 
of these surfaces. We study algebraic actions of the additive group C+ on certain of these 
varieties, and we obtain counter-examples to the cancellation problem in any dimension n > 2. 

Introduction 

The Cancellation Problem, which is sometimes referred to a Zariski's Problem although Zariski's 
original question was different, has been already discussed in the early seventies as the question 
of uniqueness of coefficients rings. The problem at that time was to decide for which rings A and 
B an isomorphism of the polynomials rings A \x\ and B [x] implies that A and B are isomorphic 
(see e.g. |8|). Using the fact that the tangent bundle of the real n-sphere is stably trivial but not 
trivial, Hochster ^2] showed that this fails in general. 

A geometric formulation of the Cancellation Problem asks if two algebraic varieties X and 
Y such that Y x A 1 is isomorphic to X x A 1 are isomorphic. Clearly, if either X or Y does 
not contain rational curves, for instance X or Y is an abelian variety, then every isomorphism 
^iXxA^yxA 1 induces an isomorphism of X and Y, So the Cancellation Problem leads to 
decide if a given algebraic variety X contains a family of rational curves, where by a rational curve 
we mean the image of a nonconstant morphism / : C — > X, where C is isomorphic to A 1 or P 1 . 
Iitaka and Fujita ^2] carried a geometric attack to this question using ideas from the classification 
theory of noncomplete varieties. Every complex algebraic variety X embeds as an open subset of 
complete variety X for which the boundary D = X \ X is a divisor with normal crossing. By 
replacing the usual sheaves of forms Sl q [X) on X by the sheaves il q (log D) of rational g-forms 
having at worse logarithmic poles along D, Iitaka introduced, among others invariants, the 
notion of logarithmic Kodaira dimension R (X) of a noncomplete variety X, which is an analogue 
of the usual notion of Kodaira for complete varieties. They established the following result. 

Theorem. Let X and Y be two nonsingular algebraic varieties and assume that either R (X) > 
or R(Y) > 0. Then every isomorphism ^: XxC^YxC induces an isomorphism between X 
and Y . 

The hypothesis R (X) > above guarantees that X cannot contain too many rational curves. For 
instance, there is no cylinder-like open subset U ~ C x A 1 in X, for otherwise we would have 
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k (X) — —oo 1 . It turns out that this additional assumption is essential, as shown by the following 
example due to Danielewski (3J. 

Example. The surfaces Si, £2 C C 3 with equations xz — y 2 + 1 = and x 2 z — y 2 + 1 = are not 
isomorphic but Si x C and £2 x C are. In the construction of Danielewski, these surfaces appear 
as the total spaces of principal homogeneous C+-bundles over A, the affine line with a double 
origin, obtained by identifying two copies of A 1 along A 1 \ {0}. The isomorphism Si x C ~ £2 X C 
is obtained by forming the fiber product £1 S2, which is a principal C+-bundle over both Si 
and £2, and using the fact that every such bundle over an affine variety is trivial. On the other 
hand, £1 and £2 are not homeomorphic when equipped with the complex topology. More precisely, 
Danielewski established that the fundamental groups at infinity of £1 and £2 are isomorphic to 
Z/2Z and Z/4Z respectively. Fieseler JHj studied and classified algebraic C + -actions normal affine 
surfaces. As a consequence of his classification, he obtained many new examples of the same kind 
(see also (201). 

Here we construct higher dimensional analogues of Danielewski's counter-example. The paper 
is organized as follows. In the first section, we introduce a natural generalization of the surfaces 
£1 and £2 above in the form of certain affine varieties which are the total spaces of certain 
principal homogeneous C + -bundle over A™, the affine n-space with a multiple system of coordinate 
hyperplanes. We call them Danielewski varieties. For instance, for every multi-index [to] = 
(mi, . . . , m n ) G Z™ the nonsingular hypersurface Xi m ] C C n+2 with equation a;™ 1 • • -x™ n z = 
y 2 — 1 is a Danielewski variety. As a generalization of a result of Danielewski (see also ^OJ); we 
establish that the total space of a principal homogeneous C + -bundle over A" is a Danielewski 
variety if and only if it is separated. This leads to simple description of these varieties in terms of 
Cech cocycles (see Theorem (I1.17|) l 

In a second part, we study algebraic C+-actions on a certain class of varieties which contains 
the Danielewski varieties A"[ m ] as above. In particular we compute the Makar-Limanov invariant 
of these varieties, i.e. the set of regular functions invariant under all C+-actions. We obtain 
the following generalisation of a result due to Makar-Limanov ^Hj for the case of surfaces (see 
Theorem (23) ). 

Theorem. If (mi, . . . , m n ) G Z" 1 then the Makar-Limanov of a variety X C C n+2 with equation 

x" 11 ■ ■ ■ x mn z = y r + cti (xi, . . . , x n ) y l , where r >, 
is isomorphic to C [x±, . . . , x n ] . 

As a consequence, we obtain infinite families of counter-examples to the Cancellation Problem in 
every dimension n > 2. 

Theorem. Let [to] = (mi,...,m n ) 6 Z" x and [m 1 ] — (m^, . . . ,m' n ) € ZV >1 be two multi-index 
for which the subsets {mi, . . . , m n } and {m^, . . . , m' n } of Z are distint, and let Ai, . . . , X r , where 
r > 2 be a collection of pairwise distinct complex numbers. Then the Danielewski varieties X and 
X' in C n+2 with equations 

r r 

x? 1 ■■■x^z-l[(y- X t ) =0 and xf ■ ■ ■ x^z - J] (y - X t ) = 

i=l i=l 

are not isomorphic, but the varieties X x C and X' x C are isomorphic. 

1. Danielewski varieties 

Danielewski's construction can be easily generalized to produce examples of affine varieties X 
and Y such that X x C and Y x C are isomorphic. Indeed, if we can equip two affine varieties X 
and Y with structures of principal homogeneous C+-bundle px '■ X — > Z and py : Y — > Z over 
a certain scheme Z, then the fiber product X x z Y will be a principal homogeneous C+-bundle 



Actually, a nonsingular affine surface has logarithmic Kodaira dimension —00 if and only if its contains a 
cylinder-like open set (see e.g. |19)'l. 
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over X and Y , whence a trivial principal bundle AxC~Ax z F~FxCasX and Y are 
both affine. The base scheme Z which arises in Danielewski's counter-example is the affine with 
a double origin. The most natural generalization is to consider an affine space C" with a multiple 
system of coordinate hyperplanes as a base scheme. 

Notation 1.1. In the sequel we denote the polynomial ring C \x\, . . . , x n ] by C \x\, and the algebra 
C [xi, x^ 1 . . . , x n , Xn 1 ] °f Laurent polynomials in the variables x\,...,x n by C[x,x _1 ]. For 
every multi-index [r] = (n, . . . , r n ) 6 Z™, we let x^ = x^ 1 ■ ■ ■ x 7 ^ 6 C [x, a;" 1 ] . We denote by 
Hx = V {x\ ■ ■ ■ x n ) the closed subvariety of C" consisting of the disjoint union of the n coordinate 
hyperplanes. Its open complement in C™, which is isomorphic to (C*) , will be denoted by Ux- 

Definition 1.2. We let Z n<r be the scheme obtained by gluing r copies Si : Zi — > C" of the affine 
space C™ = Spec (C [x\, . . . , x n ]) by the identity along (C*) ra . We call Z n r the affine n-space with 
an r-fold system of coordinate hyperplanes. We consider it as a scheme over C™ via the morphism 
S : Z n ^ r — > C™ restricting to the <Vs on the canonical open subset Zi of Z n>r , i = 1, . . . , n. 

1.3. We recall that a principal homogeneous C+-bundle over a base scheme S is an S-scheme 
p : X —> S equipped with an algebraic action of the additive group C+ , such that there exists an 
open covering U = (Si) ieI of S for which p _1 (Si) is equivariantly isomorphic to Si x C, where 
C+ acts by translations on the second factor, for every i € I. In particular, the total space of a 
principal homogeneous C+-bundle has the structure of an A 1 -bundle over S. The set H 1 (S, C+) 
of isomorphism classes of principal homogeneous C+-bundles over S is isomorphic to the first 
cohomology group H 1 (S, O s ) H 1 (S, O s ). 

Definition 1.4. A Danielewski variety is a nonsingular affine variety of dimension n > 2 which is 
the total space p : X — > Z n>r of a principal homogeneous C+-bundle over Z n>r for a certain r > 1. 

Example 1.5. The Danielewski surfaces Si — {xz — y 2 + 1 = 0} and S2 = {x 2 z — y 2 + l = 0} 
above are Danielewski varieties. Indeed, the projections pr x : Si — * C, i = 1, 2, factor through 
structural morphisms pi : Si — > Z2.1 of principal C+-bundles over the affine line with a double 
origin. More generally, the Makar-Limanov surfaces ScC 3 with equations x n z — Q (x, y) = 0, 
where n > 1 and Q(x,y) is a monic polynomial in y, such that Q(Q, y) has simple roots are 
Danielewski varieties. 

Remark 1.6. The scheme Z nir over which a Danielewski variety X becomes the total space of 
a principal homogeneous C+-bundle is unique up to isomorphism. Indeed, we have necessarily 
n = dimZ = dimX — 1. On the other hand, it follows from lll.7|) below that X is obtained 
by gluing r copies of C" x C along (C*) n x C. So we deduce by induction that H n+ i (X,Z) is 
isomorphic to the direct sum of r copies of H n ((C*) n x C, Z) ~ H n ((C*)™ , Z) ~ Z, whence to 
U ' . Therefore, if X admits another structure of principal homogeneous C+-bundle p' : X — > Z n >_ r : 
then (n',r') = (n,r). However, we want to insist on the fact that this does not imply that the 
structural morphism p : X — > Z n;r on a Danielewski variety is unique, even up to automorphisms 
of the base. This question will be discussed in ljl.1211 below. 

1.7. A principal homogeneous C + -bundle p : X — > Z n ^ r becomes trivial on the canonical open 
covering U of Z n ^ r be means of the open subsets Zi ~ C n , i = 1, . . . , r (see definition 111.21) above). 
So there exists a Cech 1-cocycle 

r 

9 = l^ij-u...,,, e C 1 (u,o z _) .©C[ M ^] 

i=l 

representing the isomorphism class [g] € H 1 (Z nyr ,Oz nir ) — H 1 (U,Oz nir ) of X such that X is 
equivariantly isomorphic to the scheme obtained by gluing r copies Zi x C = Spec (C [x\ [U]) of 
C™ x C, equipped with C+-actions by translations on the second factor, outside Hx x C C x C 
by means of the equivariant isomorphisms 

fcj '■ ( z j \ h il) x c ( z i \ H n) x C, (x, tj) 1 * (x, tj + gij (x, xT 1 )) , i ^ j. 
Since a Danielewski variety X is affine, the corresponding transition cocycle is not arbitrary. For 
instance, the trivial cocycle corresponds to the trivial C + -bundle Z n ^ r x C which is not even 
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separated if r > 2. More generally, if one of the rational functions gij is regular at a point 
A = (Ai, . . . , A n ) £ Hx C C", then for every germ of curve C C C™ intersecting transversely in 
A, (p o 5) 1 (C) C X is a nonseparated scheme. On the other hand, it follows from a very general 
result of Danielewski that the total space of a principal homogeneous C+-bundle p : X — > Z n ^ 
defined by a cocycle 512 = x _ ' r 'a (x), where [r] £ Z> ls such that x^C [x] + a (x) C \x\ = C [x] is 
affine, isomorphic to the variety X C C" +2 with equation x'^z — y 2 — a (x) y = 0. More generally, 
we have the following result. 

Theorem 1.8. For /j/ie £otaZ space 0/ a principal C+-bundle p : AT — > Z n r defined by a transition 
cocycle g = {gij (x, x -1 )}^ . =1 r i/ie following are equivalent. 

(1) For every i j , g^ = x _ [ mi ^ay (x) for a certain multi-index [m^} £ Z" and a polynomial 
dij (x) such that ctij (x) C [x] + x^-'—^'C [x\ — C \x\, 

(2) X is separated 

(3) X is affine. 

Proof. We deduce from 1.5.5.6 in ^2] that X is separated if and only if g^ £ C [x, X" 1 ] generates 
C [x, x -1 ] as a C [x] -algebra for every i ^ j . Letting g^ = x~^a(x), where [to] £ Z™ and 
where a (x) £ C [x], this is the case if and only if x~' m l generates C [x,x _1 ] as a C [x]-algebra and 
a (x) C [x] + x' m 'C [x] = C [x]. Indeed, the condition is sufficient as it guarantees that C [x, x -1 ] — 
C [x\ [x~[" l J] C C [x] [gij]. Conversely, if C [x, x -1 ] = C [x] [g^] then g^ = x~^a (x) for a certain 
multi-index [to] = (mi, . . . , m n ) £ and a polynomial a £ C [x] not divisible by Xj for every i = 
1, . . . , r. Indeed, if there exists an indice i such that rrii < then x~ x g" C [x] [g-y] which contradicts 
our hypothesis. Furthermore, since x - ^™' £ C [x] [gij], there exists polynomials 61, . . . , b s £ C [x] 
such that x~[ m l = 6 + biax~^ + . . . + b s a~ s ^ £ C [x] [g^]. This means equivalently that 
£ ( s -i)H = 5 ^[m] + ca f or a cer tain c £ C [x]. If s ^ 1 then c £ x^^WC [x] as the x*'s do not 
divide a, and so, there exists c' £ C [x] such that 1 = 6ox - [" l J + c'a. This proves that (1) and (2) 
are equivalent. 

Now it remains to show that if the gij — x~^" lij ^aij (x) satisfy (1), then X is affine. We first 
observe that there exists an indice io such that mu 0l k = maxjTOi^fc} for every i — 2, . . . , r and 
every k — 1, . . . , n. Indeed, suppose on that there exists two indices i ^ j, say i — 2 and j — 3, and 
two indices I ^ k such that myi^ < 77713^ but toj^z > 77713,;. We let [p] £ Z™ be the multi- index 
with components p s = max (777,12,3, toi3, s ), so that — 77113,*; = and pk — toi2,/c > whereas 
pi — 777,12,; = and pi — TO13,; > 0. It follows from the cocycle relation 323 = 313 — <7i2 that 

>M>«23] a23 (3.) = >]-["M3] ai3 ^ _ sM-[m u ] fllJ (a) £ (x fc , x;) C [x] C C [x] . 

Since the x^'s do not divide the a^'s, it follows that neither Xk nor x/ divides the polynomial 
on the right. Thus 777,23,; = pi and 77123^ = pk- This implies that a23 (x) £ (xfc,x;)C[x] which 
contradicts (1) above. Therefore, the subset of Z™ consisting of the multi-indices [mu], i = 2, . . . , r, 
is totally ordered for the restriction of the product ordering of Z™, and so, there exists an indice 
io such that mu ^k = max {mu t k} for every i = 2, . . . , r and every k = 1, . . . , n. By construction, 

(Ti (x) = xj mii °](7ii (x, x _1 ) is a polynomial every i — 2, . . . , r, and eri (x) restricts to a nonzero 
constant A £ C* on H% C C™. Letting <j\ (x) = 0, we deduce from the cocycle relation that 

x\ mii °^gij — (<Jj (x) — Oi (x)) for every i j. In turn, this implies that the local morphisms 

i:Z,xC = Spec (C [x] [U]) — ► C n x C, (x, U) ^ (x, x\ mi ^U + a, (x)) , i = 1, . . . ,r 

glue to a birational morphism %p : X — > C™ x C. By construction, the images by if) of Hx xCc 
Zi n x C and H# x C C Z\ x C are disjoint, contained respectively in the closed subsets V (x_, t — A) 
and V (x, i) of C" x C = Spec (C [x] [t]). Therefore, ^ (C™ x C \ V (x, t)) is contained in the 
complement V% in X of x C C Zi x C, whereas (C" x C \ V (x, t — A)) is contained in the 
complement Vi in X of i/^ x C C Zi x C. Clearly, p : X — > Z n r restricts on Vi and Vi to 
the structural morphisms pi : V\ — > ^ n ,r-i and pi : Vi — » Z n;r -\ of the principal homogeneous 
C+-bundles corresponding tho the C7ech cocycles {3ij} ij=2 r and {gij}i j^ io i j = i r - So we 
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conclude by a similar induction argument as in Proposition 1.4 in jHij that V\ and V ia are affine. 
In turn, this implies that ip : X — > C™ x C is an affine morphism, and so, X is affine. □ 

The following example introduce a class of Danielewski varieties, which contains for instance the 
Makar-Limanov surfaces of example H1.5I) ■ 

Example 1.9. Suppose given a collection a of polynomials a% (x) £ C \x\, i = 1, . . . , r, with the 
following properties. 

(1) a % (0, ... ,0) + a, (0, ... ,0) for every i ? j, 

(2) <Jt (x) - Oi (0, . . . , 0) e xj 1 — [x] for every i = l,...,r. 

Then for every multi-index [m] = (mi, . . . , m n ) € Z™ the variety X\ m ] a C C n+2 with equation 

r 

d m] z-J[(y-a l (x)) = Q 

is a Danielewski variety. 

Proof. Similarly as the Danielewski surfaces, a variety Xi m i a comes naturally equipped with a 
surjective morphism ir — pr^ : Xi m ] i(7 — > C", (x,y, z) > x restricting to a trivial A 1 -bundle 
ir~ 1 ((C*)™) ~ (C*)™ x C over Ux = (C*)™, with coordinate y on the second factor. On the other 
hand, it follows from our assumptions that the fiber 

TT" 1 (Hz) ~ Spec [x,y, z] I ^-^J^z -f[(y- °i fe)) 

decomposes as the disjoint union of r copies Di ofHx*C, with equations {x\ ■ ■ ■ x n — 0,y — a% (0)}, 
and with coordinate z on the second factor. The open subsets 7r -1 (Ux) U C{ of X[ m ] )(T are isomor- 
phic to C™ x C with natural coordinates x and 

. _ y - ^ (g) g •_ 1 

! - r ' n^-^-fe))' z ""' r ' 

and so, -X"[ m ] )CT is isomorphic to the total space of the principal homogeneous C + -bundle defined 
by the transition cocycles — x~^ (aj (x) — crj (x)), i,j = l,...,r. □ 

As a consequence of the general principle discussed at the beginning of this section, Danielewski 
varieties are natural candidates for being counter-examples to the Cancellation problem. 

Proposition 1.10. If two Danielewski varieties X% and X2 are the total spaces of C+ -principal 
bundles over the same base Z n ^ r then X\ x C and X2 x C are isomorphic. 

Example 1.11. Given a polynomial P (y) S C [y] with r > 2 simple roots, the varieties -X"r m i p C 
C n+3 = Spec (C [x, y, z, u]) with equations x^z — P (y) = 0, where [m] S Z> 1 is an arbitrary 
multi-index, are all isomorphic. Indeed X^ p is isomorphic to X\ m ip x C, where Xt m ip C 
C™+ 2 = Spec(C [x,y,z]) denotes the Danielewski variety with equation x^z — P (y) = 0, which 
has the structure of a principal homogeneous C + -bundle over Z n>r (see example l|1.9ll V 

1.12. This leads to the difficult problem of deciding which Danielewski varieties are isomorphic 
as abstract varieties. Things would be simpler if the structural morphism p : X — > Z n r on a 
Danielewski variety were unique up to automorphisms of the base. However, this is definitely not 
the case in general, as shown by the Danielewski surface Si = {xz — y 2 + 1 = 0} C C 3 , which 
admits two such structures, due to the symmetry between the variables x and z. Actually, the 
situation is even worse since in general, a Danielewski variety admitting a second C + -action, 
whose general orbits are distinct from the general fibers of the structural morphism p : X — > Z n>r , 
comes equipped with a one parameter family of distinct structures of principal homogeneous C+- 
bundles. Indeed, let Gi ~ C+ and G2 — C+ be one-parameter subgroups of Aut (X) corresponding 
respectively to a principal homogeneous C + -bundle structure on p : X — > Z n ^ r and another 
nontrivial C + -action on X with general orbits distinct from the ones of Gi. Then the subgroups 
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0^ 1 Gi0 t ~ C + of Aut (X), where t G G 2 , correspond to principal homogeneous C + -bundle 
structures on X, with pairwise distinct general orbits provided that the generators of G\ and G 2 
do not commute. 

1.13. There exists a useful geometric criterion to decide if a smooth affine surface admits two 
C+-actions with distinct general orbits. As is well-known, there exists a correspondence between 
algebraic C+-actions on a normal affine surface S and surjective flat morphisms q : S — > G 
with general fiber isomorphic to C, over nonsingular affine curves G, the latter corresponding to 
algebraic quotient morphisms associated with these actions. In this context, Gizatullin ^] and 
Bertin [2] (see also [5] for the normal case) established successively that if a smooth surface S 
admits an A 1 -fibration q : S — > G as above then this fibration is unique up to isomorphism of the 
base if and only if S does not admit a completion S S by a smooth projective surface S for 
which the boundary divisor B = S \ S is zigzag, that is, a chain of nonsingular rational curves. 
For instance, the fact that the Danielewski surface S\ — {xz — y 2 + 1 = 0} admits two C+-actions 
with distinct general orbits can be recovered from this result, as S% embeds as the complement of 
a diagonal in P 1 x P 1 via the morphism 

S 1 ^ P 1 x P 1 , {x, y,z)»{[x:y + l],[y + l: z\) = {[z : y - 1} ,[x : y - 1]) . 

Bandman and Makar-Limanov Tj (see also |2] for a more general result) deduced from this criterion 
that a Danielewski surface p : S — > Zi >r admits two independent C+ -actions if and only if it is 
isomorphic to a surface in C 3 with equation xz — P (y) — 0, where P is a polynomial with r simple 
roots. Latter on, Daigle established that all C+-actions on such a surface S are conjugated 
to a one whose general orbits coincides with the ones of the principal homogeneous C+-bundle 
structure p : S — » Z\ jT factoring the projection pr x : S — > C. 

1.14. Unfortunately, there is no obvious generalization of Gizatullin criterion for higher dimen- 
sional variety with C+-actions. However, it turns out that in certain situations such as the one 
described in Ij2.8ll below, one can establish by direct computations that the structural mor- 
phism p : X — > Z„. r on a Danielewski variety is unique up to automorphisms of the base. 
If this holds, then it becomes easier to decide if another Danielewski variety is isomorphic to 
X as an abstract variety. Indeed, the group Aut {Z n ^ r ) x Aut (C + ) ~ Aut(Z IHr ) x C* acts 
on the set H 1 {Z n ^ T ,Oz n ^) by sending a class [g] G H 1 [Z n>r , Oz n r ) represented by a bundle 
p : X —* Z n ^ r with C+-action p : C+ x X — > X to the isomorphism class (</>, A) ■ [g] of the 
fiber product bundle pr 2 : 4>*X = X x z n>r Z n r — > Z n<r equipped with the C+-action defined by 
p\ (t, (x, z)) 1— > (/i (\~ 1 t 7 x) , z) . Similar arguments as in Theorem 1.1 in [201 imply the following 
characterization. 

Proposition 1.15. Let p\ : X\ — > Z n>r and P2 ■ X2 — > Z n>r be two Danielewski varieties. If pi is 
a unique A 1 -bundle structure on X\ up to automorphisms of Z n . r , then X\ and X2 are isomorphic 
as abstract varieties if their isomorphism classes as principal C+-bundles belong to the same orbit 
under the action of Aut{Z n ^ r ) x Aut(C+). 

1.16. Let us again consider the Danielewski varieties Xr m i a C C n+2 with equations x^z — 
111=1 (u — <J i (2i)) = Oj where [to] = (mi, . . . , m n ) G Z™ is a multi-index and where a = {/Ji (s)} i=1 
is collection of polynomials satisfying (1) and (2) in example II1.9J1 . Again, we denote by 7r = pr^_ : 
X[ m ]. a — » C", (x,y,z) 1 — > x the fibration which factors through the structural morphism of the 
principal homogeneous C+-bundle p : X[ OT ] )CT — * Z n ^ r described in Ijl.QJl above. Suppose that one 
of the TOj's, say toi is equal to 1. Then A[ m ] )CT admits a second fibration 

ti : ^H,<7 ->• C", (x x , ...,x n ,y,z)^> (x 2 , ...,x n ,z) 

restricting to the trivial A 1 -bundle over (C*)" and the same argument as in ll.fljl above shows 
that tti factors through the structural morphism of another principal homogeneous C+-bundle 
pi : A[ m ] ;Cr — > Z n>r . On the hand, Makar-Limanov ^3 established that for every integer to > 2 
the A 1 -bundle structure p : S — > Z\. r above on a Danielewski surface S C C 3 with equation 
x m z — P (y) = 0, where deg P (y) — r > 2, is unique up to isomorphism of the base. More 
generally, we have the following result. 



ADDITIVE GROUP ACTIONS ON DANIELEWSKI VARIETIES AND THE CANCELLATION PROBLEM 7 



Theorem 1.17. Let a = {<7j (x)} i=1 r be a collection ofr > 2 polynomials satisfying (1) and (2) 
in example \1.9)) . Then for every multi-index [to] £ p : Xr m i >0 - — > Z„ i7 . is a unique structure 
of principal homogeneous C+-bundle structure on Xr m i CT ?/p £o action of the group Aut{Z niT ) x 
j4«*(C+). 

Proof. This follows from Theorem l|2.8|) below which guarantees more generally that the algebraic 
quotient morphism q : X\ m ] t<J — > Xr m i Q.//C+ associated with an arbitrary nontrivial C+-action on 
X[m],o- coincides with the projection tt = prx ■ X[ m ^ a — > C n . □ 

It follows from (|1 . 1<S|) that every Danielewski variety A[ TO ] j(T C C™ +2 defined by a multi- index 
[ml] £ Z> 1 \ Z" x admits a second C+-action whose general orbits are distinct from the general 
fibers of the A 1 -bundle p : X[ m ^ a — ► Z n<r . This leads to the following result. 

Corollary 1.18. For every collection a = {oi (x)} i=1 r ofr > 2 polynomials satisfying (1) and 
(2) in example kl.9)) and every pair of multi-index [to] G Z" x and [ml] £ Z> 1 \Z™ 1 the Danielewski 
varieties X\ m ] t(T and X\ m n a are not isomorphic. 

1.19. More generally, let [to] = (toi,...,to„) S Z" x and [to'] = [rn'x, . . . ,m' n ) £ Z" x be two 
multi-index for which the subsets {mi, . . . ,m„} and {to'j, . . . ,m' n } of Z are distint. Then for 
every collection a — {<Ji (x)} i=1 of r > 2 polynomials satisfying (1) and (2), the (7ech cocycles 

gij = x~ [m] (o-j (x) - at (x)) and = xT^ n ^ (aj (x) - a. t (x)) 

in C 1 (W, Oz n r ) — C [x,a; _1 ] r are not cohomologous and do not belong to the same orbit under 
the action of Aut [Z niJ .) x Aut (C+) on C 1 (14, Oz n r ) • As a consequence of Proposition ijl,15JI and 
Theorem ljl.1711 above, we obtain the following result. 

Corollary 1.20. Under the hypothesis above, the Danielewski variety Xr m i jCT and Xr m /i CT are not 
isomorphic. In particular, there exists an infinite countable family of pairwise nonisomorphic 
Danielewski variety X\ m ] i(T with the property that all the varieties Xi m i a x C are isomorphic. 

Remark 1.21. Given a multi-index [to] £ Z" x , the problem of characterizing explicitly the col- 
lections a = {<Ji (x)}»=i r w hich lead to isomorphic Danielewski varieties Xr m i )Cr is more subtle 
in general. By virtue of proposition II1.15J1 . it is equivalent to describe the orbits of the asso- 
ciated cocycles gij — x~^ (aj (x) — cr, (x)) under the action of Aut (Z n r ) x Aut (C+). In the 
case of surfaces, the question becomes simpler as Aut (^i,r) — C* x Z/rZ. For instance, Makar- 
Limanov [18^ obtained a complete classification of the Danielewski surfaces ScC 3 with equation 
x n z — P (y) = 0, where n > 2. More generally, we refer the interested reader to the forthcoming 
paper 0, in which we study Danielewski surfaces with equations x n z — Q (x,y) = 0. 

2. Additive group actions on Danielewski varieties 

Makar-Limanov observed that it is sometimes possible to obtain information on algebraic 
C+-actions on an affine variety X by considering homogeneous C+-actions on certain affine cones X 
associated with X. We recall that the Makar-Limanov invariant of an affine variety X = Spec (B) 
is the subring ML (X) of B consisting of regular functions on B which are invariant under all 
C+-actions on X. Using associated homogeneous objects, he established in ^21 that the Makar- 
Limanov invariant of the Russell cubic threefold, i.e. the hypersurface X C C 4 with equation 
x + x 2 y + z 2 + t = 0, is not trivial. He also computed in [TSJ the Makar-Limanov invariant 
of affine surfaces S — {x n z — P (y) = 0}, where deg (P) > land n > 1. Here we use a similar 
method, based on real-valued weight degree functions, to compute the Makar-Limanov invariant 
of the Danielewski varieties X\ m y a , where [m] £ Z" x . 

2.1. Basic facts on locally nilpotent derivations. 

He we recall results on locally nilpotent derivations that will be used in the following subsections. 
We refer the reader to jH] and JSj for more complete discussions. 
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2.1. Algebraic C + -actions on a complex affine variety X = Spec (B) are in one-to-one correspon- 
dence with locally nilpotent C-derivations of B, that is, derivations d : B — > B such that every 6 
belongs to the kernel of d m for a suitable m = m (6). Indeed, for every algebraic C+-action on S 

with comorphism //* : B — > B ®c C [t], = — \t=o °M* B ^ B is & locally nilpotent derivation. 
Conversely, for every such derivation d : B — > B the exponential map 

exp (td) :B^B[t], b h-> ^ — 

n>0 ' 

coincides with the comorphism of an algebraic C + -action on X. To every locally nilpotent deriva- 
tion d of B. we associate a function 



J-oc if 6 = 

1 max {to, d m b ^ 0} otherwise, 

which we call the degree function generated by d. We recall the following facts. 



deg a :B->NU{-oo}, defined by deg a (6) 



Proposition 2.2. Let d be a nontrivial locally nilpotent derivation of B. Then the following hold. 

(1) B has transcendence degree one over Ker(d). The field of fraction Frac (B) of B is a purely 
transcendental extension of Frac(Ker(d)), and Ker(d) is algebraically closed in B. 

(2) For every f G Ker(d 2 ) \ Ker(d), the localization Bf of B at f is isomorphic to the poly- 
nomial ring in one variable Ker(d) g ,^ [/] over the localization Ker(d) d ,^ of Ker{d) at d(f). 
In particular, for every b £ Ker (<9 m+1 ) \ Ker(d m ), there exists a',ao, . . . ,a m £ Ker(d), where 
a! , am 7^ 0, such that alb = Y^ijLo a iP • 

(3) deg a : B — » N U {— oo} is a degree function, i.e. deg a (b + b') < max (deg d (b) , deg d (6')) 
and deg d (66') = deg a (6) + deg a (6'). 

(4) Ifb,b'£B\ {0} and bb' £ Ker(d), then 6,6' G Ker(d). 

2.2. Equivariant deformations to the cone following Kaliman and Makar-Limanov. 

Here we review a procedure due to Makar-Limanov [IJ] which associates to filtered algebra 
{B,F) equipped with a locally nilpotent derivation d a graded algebra equipped with an homo- 
geneous locally nilpotent derivation induced by d. 

2.3. We let B be a finitely generated algebra, equipped with an exhaustive, separated, ascending 
filtration T = {F t B} teR by C-linear subspaces F t B of B. For every t £ E, we let F^B = 
{j s<t F s B. We denote by 

QTrB = {gr^Bf , where (gr^B) 1 = F'B/F^B 

the M-graded algebra associated to the filtered algebra (B,F), and we let gr : B — > grj^B the 
natural map which sends an element 6 £ F l B C B to its image gr (6) under the canonical map 
F t B -> F 1 B/FqB C grjrB. Suppose further that 1 G F°B \ F$B and that 

(pti B \ F H B j (^ F t 2B \ F t* B j c (pti+hg y F ti+te B j for every t 1 ,t 2 £ E. 

Then the filtration is induced by a degree function : B — > E U {— oo} on £?. Indeed, the 
formulas c?^- (0) = — oo and dp (6) = t if 6 G F'B \ FqB C B define a degree function on B 
such that = {6 G B, d(b) < t} for every t G E. In what follows, we only consider filtrations 
induced by degree functions. 

2.4. Given a nontrivial locally nilpotent derivation d of B and a nonzero b £ B, we let £(6) = 
d?- (8b) -d? (6) G E. By definition, if 6 G F f B\(Kevd n F^B) then 96 G F t+t ^ B\F* +t(h) B . Since 
£? is finitely generated, it follows that there exists a smallest to £ E such that dF t B C F t+t °B. 
So 9 induces a locally nilpotent derivation grd of the associated graded algebra gr?B of (B,F), 
defined by 



grd (gr (6)) = 




ifdr(d (b))-d T (b) = t 
otherwise. 
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By construction, grd sends an homogeneous component F 1: B/FqB of gryrB into the homogeneous 
component F t+t " B / Fq + *° B . We say that grd is the homogeneous locally nilpotent derivation of 
gr^B associated with d. By construction, if gr^B is a domain, then 

(2-1) deg a (&) > deg grd (gr(b)) 

for every b € B. We will see below that this inequality plays a crucial role in the computation of 
the Makar-Limanov invariant of certain Danielewski varieties. 

Remark 2.5. For integral-valued degree functions d : B — » Z U {— oo}, the above construction ad- 
mits a simple geometric interpretation. Indeed, letting T — {F n B} neZ be the filtration generated 
by d, we consider the Rees algebra 



11 (B, T) = r\s- n c B [s, s' 1 ] 



Every locally nilpotent derivation d of B canonically extends to a locally nilpotent derivation d of 
1Z{B,F) with the property that d(s) — 0. By construction, the inclusion C [s] 1Z(B,T) gives 
rise to a flat family p : X — Spec (1Z (B, T)) —> C of afflne varieties with C+-actions, such that for 
every s £ C*, the fiber X s is isomorphic to X equipped with the C+-action defined by d, whereas 
the fiber X ~ Spec (1Z (B, J 7 ) /sTZ(B,J 1 ')) is isomorphic to the spectrum of the graded algebra 
gryrB, equipped with C + -action corresponding to the homogeneous locally nilpotent derivation 
grd of grjrB defined above. 

2.3. On the Makar-Limanov invariants of Danielewski varieties Afr m i )Cr . 

Here we consider a class of affine varieties with C+-actions which contains the Danielewski 
varieties Xr m i „ of example lll,9JI , We construct certain filtrations Td of their coordinate rings 
induced by weight degree functions, and we determine the structure of the associated homogeneous 
objects. Finally we compute their Makar-Limanov invariants. 

Definition 2.6. Given a monic polynomial Q{x,y) = y r + J2l=o ai fe) V % e ^ ls\ Iv] °f degree 
r > 2 and a multi-index [m] = (mi,...,m n ) 6 ^>d we denote by q C C' i+2 the affine 
variety with equation x^z — Q (x, y) = 0. 

2.7. Clearly, the above class of affine varieties contains the Danielewski varieties X[ m ^ a C C" +2 
with equations x^z — YYi=i (v ~ a i fe)) = 0- Again, the projection 

7T = pr^ : X [m]) g -> C", (x, y,z)^ x 

restricts to a trivial A^bundle (C*) n xC = Spec (C [x,^ 1 ] [y]) over (C*) n C C n . On the other 
hand 7r _1 (Hx) red is the disjoint union off copies of Hx xC with equations {x\ ■ ■ -x n = 0, y = Ai}, 
where Ai, . . . , \? denote the distinct roots of the polynomial P (y) = Q (0, y). The locally nilpotent 
derivation d of C [x, y, z] defined by 

0Or i ) = O,»=l,... > r > d{y)=d m] d{z) = dQi ?' v) 

oy 

annihilates the definning ideal I = (x^z — Q (x, y)) of Xr TO i q, whence induces a nontrivial locally 
nilpotent derivation of the coordinate ring B of Xi m vQ. The general orbits of the corresponding 
C+-action coincide with the general fibers of ir. Hence n coincides with the algebraic quotient 
morphism q : X\ m vQ — * X[ m ^g//C+ = Spec (i? c +). This shows that ML \X^ m vQ) C C [x\. Actu- 
ally, a similar argument as in Ijl.lfijl above shows that ML {Xi m ] q) is a subring of C [x^ , . . . , Xi s ] , 
where ii,...,i s denote the indices for which m tt = 1. In particular, if [to] = (1,...,1), then 
ML (Xt m iQ) = C. In contrast, we have the following result. 

Theorem 2.8. If [to] € Z" 1 then the Makar-Limanov invariant of a variety X\ m YQ is isomorphic 
to C [x]. 

2.9. It suffices to shows Ker (<9 2 ) C C [x, y] C B for every nontrivial locally nilpotent derivation d 
on the coordinate ring B oiX^^Q. Indeed, if d is nontrivial, then it follows from (2) in Proposition 
(l2~2f) that there exists / G Ker (d 2 ) \ Ker (d) such that z = x~ [m] (y 2 - l) G B C C 
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satisfies a relation of the form a'z = J2]Li a jP f° r suitable elements a', a , . . . , a m E Ker (d), where 
tt',Om 7^ 0. Therefore, if Ker (i9 2 ) C C\x, y] then z = r (x, y) /q(x,y) for a certain polynomial 
l{&y) & Ker (9). This implies that xj m l divides q(x,y) and so, by virtue of (3) in $2.21 . C [x] C 
Ker (d) as to, > 1 for every i = 1, . . . , n. To show that the inclusion Ker (9 2 ) C C \x, y] holds for 
every nontrivial locally nilpotent derivation on B, we study in II2.1()|I - <I2,16|I below the homogeneous 
objects associated with certain filtrations on B induced by weight degree functions. 

Definition 2.10. A weight degree function on a polynomial ring C \x\ is a degree function d : 
C [x] — > K defined by real weights di = d (xi), i = 1, . . . , n. The d-degree of monomial m = x^ is 
a\d\ + . . . + ad n , and the d-degree d (p) of a polynomial p E C [x] is defined as the suppremum of 
the degrees d(m), where m runs through the monomials of p. A weight degree function d defines 
a grading C [x] = © tgR C [x] t , where C [x] t \ {0} consists of all the d-homogeneous polynomials of 
d-degree t. In what follows, we denote by p the principal d-homogeneous component of p, that is, 
the homogeneous component of p of degree d(p). A degree function d on C [x] naturally extends 
to a degree function on the algebra C [x^x" 1 ] of Laurent polynomials. 

2.11. Given a multi-index [m] E Z"j and a monic polynomial Q (x,y) E C [x] [y] as in definition 
Il2.(ill . we denote by £? = C [x, y, z]/I, where I — (x} r 'z — Q (x, y)) , the coordinate ring of the 
corresponding variety X\ m iQ, and we denote by a : C [x, y, z\ — > _B the natural morphism. The 
polynomial ring C [x, y] is naturally a subring of B. Moreover, by means of the localization ho- 
momorphism B <—* B%_ — B <8>c\x\ ^ — C y] , i? is itself identified to the subalgebra 
C [x, y, x _ [ m ]Q (x, y)] of C [x,x _1 ,y]. Hence every weight degree function d on C [x,x _1 ,y] in- 
duces an exhaustive separated ascending filtration Td — {F t B} tGM of B C C [x, x _1 , y] by means 
of the subsets F*B = {p E B, d(p) <t},t el. 

2.12. Since Q (x, y) = y r + J2i=o ai (— ) 2/* i s monic, it follows that if the weight c?j, of y is positive 
and sufficiently bigger that the weights di of the x^'s, then the principal d-homogeneous component 
of Q (x, y) is simply Q (x, y) — y r . If this holds, then gr^B is generated by gr (x) = x, (y) = y 
and yr (z) = x~^y r , with the unique relation x^gr (z) = y r . Hence, letting d : C [x, y, z] — > R 
be the unique weight degree function restricting to d on C [x, y] C C [x, y, z] and such that d (z) = 
rd y — (miG?! + • • ■ + m n d n ) E R, we obtain an isomorphism of graded algebras 

: B = C [x, y, z] // = B* gr Ti B = F*B/ FqB, 

teR teR 

where / = (sc^z — y r ) C C [x,y,z] denotes the d-homogeneous ideal generated by the principal 
components of the polynomials in I = (x^z — Q (x, y)), and where B l — B % — C [x, y, z] t /I D 
C [x, y, z] 4 for every t E R. 

2.13. It follows from (1) and (4) in Proposition 112. 211 . that the kernel of an associated homoge- 
neous locally nilpotent derivations grd of gr? d B contains n algebraically independent irreducible 
homogeneous elements. To make the study of these derivations easier, we need to make the set of 
these irreducible homogeneous elements as small as possible. For this purpose, we consider weight 
functions d : C[x,y] — ► R satisfying the following properties : 

(1) The weight d y of y is positive, and Q (x, y) = y r . 

(2) The real weights di — d{x{) and d y are linearly independent over Z. 

According to 112. 1211 above, the first condition guarantees that the graded algebra grjrB of the 
filtered algebra (B, Td) is isomorphic to the quotient B of C [x, y, z] by the d-homogeneous ideal 
I = (x^z — y r ). The second one is motivated by the following result. 

Lemma 2.14. Under the hypothesis above, every homogeneous element of B is the image by the 
natural morphism a : C [x, y, z] — > B of a unique monomial of C [x, y, z] not divisible by x} m ^z. In 
particular, every irreducible homogeneous element of B is the image of a variable of C [x, y, z] . 
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Proof. Since I = (x^z — y r ), every nonzero homogeneous element of B is the image by a of a 
unique homogeneous polynomial p £ C [x, y, z] whose monomials are not divisible by x^z. On 
the other hand, the hypothesis on d, together with the fact that d (z) = 2d y — {midi + . . . + m n d n ) 
implies that if p contains a pair of monomials fix ^ fi2, then there exists A £ C and k £ Z such 
that /ii/i^ 1 = A (x} m ^ zy~ r ^ . If k ^ 0, then x}"^z divides one of the pti, which is impossible. Thus 
p is a monomial. □ 

Proposition 2.15. // [m] £ then Ker (d\ = C [x] for every associated homogeneous locally 
nilpotent derivation d on B. Furthermore degg (<r (z)) > 2. 

Proof. By virtue of (1) and (4) in 112. 211 . the kernel of d contains n algebraically independent 
irreducible homogeneous elements £i,.. - ,£n- So it follows from lemma H2.14I) above that the £j's 
are the images by o of n distinct variables of C [x, y, z\. These functions i = 1, . . . ,n, define a 

morphism q : X = Spec (^B^j — > C" which invariant for the C+-action defined by d. In particular, 

for a general point A = (Ai, . . . , A„) £ C™, the C+-action on X specializes to a nontrivial C+-action 
on the fiber c/ _1 (A). Suppose that one of the £j's, say £i, is the image of y. Then, depending on the 
other variables inducing the £,'s, i = 2, . . . ,n, we would obtain, for a general \i £ C, a nontrivial 
C + -action on one of the curves CcC 2 with equations i^' 1 ^' 1 — /i = or x^ 1 z — — 0, which 

is absurd. Similarly, is £i is the image of z then, for a general /i £ C, the C + -action on X would 
specialize to a nontrivial action on the curve with equation \ix™ i — y r — for certain i = 1, . . . , n. 

This impossible as r > 1 and mi > 1 for every i — 1, . . . , n by hypothesis. This proves that Ker 

contains C [x\. Thus d naturally extends to a locally nilpotent derivation of B^ ~ C [x, x~ x , y] . In 
turn, this implies that deg^ (y) = 1 and degg (er (z)) > 2 as a (z) £ B coincides with x~^y r £ B^_ 
via the canonical injection B B^_. Therefore, the projection pr^ : X — > C" coincides with the 
algebraic quotient morphism of the associated C+-action. This proves that Ker 

The following result completes the proof of Theorem Q2.8H . 

Corollary 2.16. For every nontrivial locally nilpotent d of B, Ker(d 2 ) is contained in C[x,y]. 

Proof. Recall that b £ Ker (<9 2 ) if and only if deg a (6) < 1. Since / is generated by the polynomial 
x^z — Q (x, y), every b £ Ker (9 2 ) is the restriction to X[ m ] Q of a unique polynomial p £ C [x, y, z] 
whose monomials are not divisible by x} m ^z. Suppose that p $ C \x, y]. Then there exists a weight 
degree function d on C [x, y 7 z] as in H2.13H for which the principal (i-homogeneous component p 
belongs to C[x,y,z) \ C[x, y]. We deduce from lemma 112.1411 above that p — x^y^z 1 , where 
7 > 1 and x^- m 'z does not divide x^z 7 . Letting d = grd be the homogeneous locally nilpotent 
derivation of B — grjrB associated with d, we have deg^ (er (p)) > degg (<r (z)) and so (see J23J), 
deg a (b) > degg (a (z)) as a (p) coincides via the isomorphism <f> of i!2 . 12fl with the image gr (b) £ 
gr^B of b. This is absurd as degg (a (z)) > 2 by virtue of lemma H2.15J1 . □ 
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